Abstract A high fidelity model is developed for an elastic string pendulum, one end of which is attached to a rigid body while the other end is attached to an inertially fixed reel mechanism which allows the unstretched length of the string to be dynamically varied. The string is assumed to have distributed mass and elasticity that permits axial deformations. The rigid body is attached to the string at an arbitrary point, and the resulting string pendulum system exhibits nontrivial coupling between the elastic wave propagation in the string and the rigid body dynamics. Variational methods are used to develop coupled ordinary and partial differential equations of motion. Computational methods, referred to as Lie group variational integrators, are then developed, based on a finite element approximation and the use of variational methods in a discretetime setting to obtain discrete-time equations of motion. This approach preserves the geometry of the configurations, and leads to accurate and efficient algorithms that have guaranteed accuracy properties that make them suitable for many dynamic simulations, especially over long simulation times. Numerical results are presented for typical examples involving a constant length string, string deployment, and string retrieval. These demonstrate the complicated dynamics that arise in a string pendulum from the interaction of the rigid
Introduction
The dynamics of a body connected to a string appear in several engineering problems such as cable cranes, towed underwater vehicles, and tethered spacecraft. Several types of analytical and numerical models have been developed. Lumped mass models, where the string is spatially discretized into connected point masses, are developed in [1, 2, 3] . Finite difference methods in both the spatial domain and the time domain are applied in [4, 5] . Finite element discretizations of the weak form of the equations of motion are used in [5, 6] . Variablelength string models also have been developed: a variable length string is modeled based on a continuous plastic impact assumption in [7, 8] , and a reel mechanism is considered in [9, 10] . But, the reel mechanisms developed in those papers are problematic. In [9] , the deployed portion of the string is assumed to move along a fixed line. The dynamic model of reeling developed in [10] is erroneous (this will be discussed further in Section 2). Instead of a point mass, a rigid body model is considered in [8] , but this paper does not provide any computational results. Analytical and numerical models of a rigid body connected to an elastic string appear in [11] .
The goal of this paper is to develop an analytical model and a numerical algorithm that can be used for simulation of an an elastic string attached to a rigid body and an inertially fixed reel mechanism, acting under a constant gravitational potential. The string has distributed mass; it can move in a three-dimensional space while deforming axially; the rigid body attached to the string can translate and rotate. We assume that the point where the string is attached to the rigid body is displaced from the center of mass of the rigid body so that there exist nonlinear coupling effects between the string deformation dynamics and the rigid body dynamics. The reel mechanism is an inertially-fixed system consisting of a cylindrical reel on which the string winds and unwinds and a guide way that acts as a pivot for the deployed portion of the string. The portion of the string on the reel mechanism is assumed to be inextensible. The combined system of the string, the rigid body and the reel mechanism provides a realistic and accurate dynamic model of cable cranes and towing systems.
In this paper, we first show that the governing equations of motion of the presented string pendulum can be developed according to Hamilton's variational principle. The configuration manifold of the string pendulum is expressed as the product of the real space R representing the configuration of the reel mechanism, the space of connected curve segments on R 3 describing the deployed portion of the string, and the special orthogonal group SO(3) defining the attitude of the rigid body [12] . The variational principle is carefully applied to respect the geometry of the Lie group configuration manifold. We incorporate an additional modification term, referred to as the Carnot energy loss term [13] , in the variational principle to take account of the fact that the portion of the string in the reel mechanism is inextensible. The resulting Euler-Lagrange equations are expressed as coupled partial and ordinary differential equations.
The second part of this paper deals with a geometric numerical integrator for the model we presented for the string pendulum. Geometric numerical integration is concerned with developing numerical integrators that preserve geometric features of a system, such as invariants, symmetry, and reversibility [14] . The string pendulum is a Lagrangian/Hamiltonian system evolving on a Lie group. When numerically simulating such systems, it is critical to preserve both the symplectic property of Hamiltonian flows and the Lie group structure for numerical accuracy and efficiency [15] . A geometric numerical integrator, referred to as a Lie group variational integrator, has been developed for a Hamiltonian system on an arbitrary Lie group and it has been applied to several multibody systems ranging from binary asteroids to articulated rigid bodies and magnetic systems in [16, 17] . This paper develops a Lie group variational integrator for the proposed string pendulum model. This extends the results presented in [17] by incorporating deformation of the string using a finite element model and by including a discrete-time Carnot energy loss term. The proposed geometric numerical integrator preserves the symplectic structure and momentum maps, and exhibits desirable energy conservation properties. It also respects the Lie group structure of the configuration manifold, and avoids the singularities and computational complexities associated with the use of local coordinates, explicit constraints or projection. As a result, this computational approach can represent arbitrary translations and rotations of the rigid body and large deformations of the string.
In summary, this paper develops an analytical model and a geometric numerical integrator for a string pendulum attached to a rigid body and a reel mechanism. These provide a realistic mathematical model for tethered systems and a reliable numerical simulation tool that characterizes the nonlinear coupling between the string dynamics, the rigid body dynamics, and the reel mechanism accurately. The proposed high-fidelity computational framework can be naturally extended to formulating and solving control problems associated with string deployment, retrieval, and vibration suppression as in [18] . This paper is organized as follows. A string pendulum is described and the corresponding Euler-Lagrange equations are presented in Section 2. A Lie group variational integrator is derived in Section 3, followed by numerical examples and conclusions in Section 4 and 5.
Euler-Lagrange Equations

String Pendulum Model
Consider a string that is composed of mass elements distributed along a curve. The string mass elements can translate in a three-dimensional space, and it is deformable along its axial direction. The bending stiffness of the string is not considered as the diameter of the string is assumed to be negligible compared to its length. The free end of the string is attached to a rigid body that can translate and rotate, and the point where the string is attached to the rigid body is displaced from the center of mass of the rigid body so that the dynamics of the rigid body is coupled to the string deformations and displacements. The other end of the string 3 is connected to an inertially-fixed reel mechanism composed of a drum and a guide way. The string is wound around the drum at a constant radius, and the string on the drum and in the guide way is assumed to be inextensible. A control moment is applied at the rotating drum. This system of the string, the rigid body, and the reel mechanism, acting under a constant gravitational potential, is referred to as a string pendulum. This is illustrated in Figure 1 .
We choose an inertially fixed reference frame and a body-fixed frame. The origin of the body-fixed frame is located at the end of the string where the string is attached to the rigid body, and it is fixed to the rigid body. Since the string is extensible, we need to distinguish between the arc length for the stretched deformed configuration and the arc length for the unstretched reference configuration. Define
the location of the origin of the axis of the drum d ∈ R the radius of the drum
the length from the drum to the guide way u ∈ R the control moment applied at drum L ∈ R the total unstretched length of the string µ ∈ R the mass of the string per the unit unstretched length O the point at which the string is attached to the drum
the unstretched arc length of the string between the point O and a material point P on the string s(s, t) ∈ R the stretched arc length to a mate-
the arc length of the string between the point O and the material point on the string located at the guide way entrance r(s, t) ∈ R 3 the deformed location of a material point
the mass of the rigid body J ∈ R 3 the inertia matrix of the rigid body with respect to the body fixed frame ρ c ∈ R 3 the vector from the origin of the body fixed frame to the center of mass of the rigid body represented in the body fixed frame R ∈ SO (3) the rotation matrix from the body fixed frame to the reference frame
the angular velocity of the rigid body represented in the body fixed frame
The configuration of the string on the drum and in the guide way is completely determined by the variable s p (t), since the string there is inextensible. The configurations of the deployed portion of the string and the rigid body are described by the curve r(s, t) for s ∈ [s p , L], and the rotation matrix R ∈ SO(3), respectively, where the special orthogonal group is
. Therefore, the configuration manifold of the string pendulum is the product of the real space R, the space of connected curves on R 3 , and the special orthogonal group SO(3). The attitude kinematics equation of the rigid body is given bẏ
where the hat map· : R 3 → so (3) is defined by the condition thatxy = x × y for any x, y ∈ R 3 . Sincex is a 3 × 3 skew-symmetric matrix, we havex T = −x. The inverse map of the hat map is referred to as the vee map:
Lagrangian
We develop Euler-Lagrange equations for the string pendulum according to Hamilton's variational principle. The Lagrangian of the string pendulum is derived, and the corresponding action integral is defined. Due to the unique dynamic characteristics of the string pendulum, the variation of the action integral should be carefully developed: (i) since the unstretched length of the deployed portion of the string is not fixed, when deriving the variation of the corresponding part of the action integral, we need to apply Green's theorem; (ii) since the attitude of the rigid body is represented in the special orthogonal group, the variation of rotation matrices are carefully expressed by using the exponential map [17, 16] ; (iii) since the portion of the string on the guide way and the drum is inextensible, the velocity of the string is not continuous at the guide way entrance. To take account of the effect of this velocity discontinuity, an additional modification term, referred to as a Carnot energy loss term is incorporated [13] . Then, Euler-Lagrange equations are derived according to Hamilton's principle, and they are expressed as coupled ordinary and partial differential equations.
Lagrangian The total kinetic energy is composed of the kinetic energy of the portion of the string on the drum and the guide way T r , the kinetic energy of the deployed 
where the dot represents the partial derivative with respect to time. Here, the dependency of variables on time t is omitted for simplicity, i.e. r(s) = r(s, t). The velocity of the string in the reel mechanism is equal toṡ p as the string is inextensible. From the definitions, we havė θ(0) =ṡ p /d, and
Then, the kinetic energy T r can be written as
The kinetic energy of the deployed portion of the string is given by
Let ρ ∈ R 3 be the vector from the free end of the string r(L) to a mass element of the rigid body, expressed in the body fixed frame. The location of the mass element in the reference frame is given by r(L) + Rρ. Then, the kinetic energy of the rigid body is given by
where J = −ρ 2 dm is the inertia matrix of the rigid body in the body fixed frame.
Now we obtain expressions for the potential energy of each part. The gravitational potential energy of the portion of the string on the drum and the guide way is given by
The strain of the string at a material point located at r(s) is given by
where ( ) ′ denote the partial derivative with respect to s. The tangent vector at the material point is given by
.
Since this tangent vector has unit length, we have s ′ (s) = r ′ (s) . Therefore, the strain of the string is given by ǫ = r ′ (s) − 1. The potential energy of the deployed portion of the string is composed of the elastic potential and the gravitational potential energy:
where E and A denote the Young's modulus and the cross sectional area of the string, respectively. The gravitational potential of the rigid body is given by
In summary, the Lagrangian of the string pendulum is given by
Variational Approach
Action Integral The action integral is defined by
We find expressions for the variation of each term of the action integral.
Variation of G r From (2) and (5), the variation of G r is given by
where we used integration by parts.
Variation of G s From (3), (6), (9), the second term of the action integral G s is a double integral on (t, s)
. Since the variable s p (t) is dependent on the time t, the variation of G s should take into account the variation of s p (t):
where r(s + p ) represents the material point of the string located just outside the guide way. Now we focus on the first term of (11) . Here, we cannot apply integration by parts at time t, since the order of the integrals in (11) cannot be interchanged due to the time dependence in the variable s p (t). Instead, we use Green's theorem,
where B represents the counterclockwise line integral on the boundary B of the region
For the first two lines, δr(s) = 0 since t = t 0 , t f . For the last line, ds = 0 since s is fixed. Thus, parameterizing the third line by t, we obtain
Substituting this into (12) and rearranging, the first term of (11) is given by
Substituting this into (11), and using integration by parts with respect to s for the second term of (11), the 6 variation of G s can be written as
represents the tension of the string.
We simplify this using the boundary condition at the guide way. The location of the guide way entrance is given by r p = r(s p (t), t). Since the location is inertially fixed, we have δr p = δr(s
Substituting these, we obtain
Variation of G b From (4), (7), the variation of G b is given by
The attitude of the rigid body is represented by the rotation matrix R ∈ SO(3). Therefore, the variation of the rotation matrix should be consistent with the geometry of the special orthogonal group. In [17, 16] , it is expressed in terms of the exponential map as
for η ∈ R 3 . The key idea is expressing the variation of a Lie group element in terms of a Lie algebra element. This is desirable since the Lie algebra so(3) of the special orthogonal group, represented by 3 × 3 skew symmetric matrices, is isomorphic as a Lie algebra to R 3 using the vee map. As a result, the variation of the three-dimenstional rotation matrix R is expressed in terms of a vector η ∈ R 3 . We can directly show that (16) satisfies δ(R T R) = δR T R + R T δR = −η +η = 0. The corresponding variation of the angular velocity is obtained from the kinematics equation (1):
Substituting (16), (17) into (15), and using integration by parts for η, we obtain
Variation of G From (10), (14), (18), the variation of the action integral is given by
Variational Principle with Discontinuity Let r p = r(s p (t), t) be the location of the pivot in the reference frame. Since it is fixed, we haveṙ p =ṙ(
, and r(s + p ) be the material point of the string just inside the guide way, and the material point just outside the guide way, respectively. Since the string is inextensible inside the guide way, r ′ (s − p ) = 1. Since the string is extensible outside the guide way, r ′ (s
+ represents the strain of the string just outside the guide way. Using these, the speeds of the string at those points are given by
Therefore, the speed of the string changes instantaneously by the amount ǫ + |ṡ p | at the guide way. Due to this velocity and strain discontinuity, the variation of the action integral is not equal to the negative of the virtual work done by the external control moment u at the drum. In order to derive equations of motion using Hamilton's principle, an additional term Q, referred to as Carnot energy loss term should be introduced [13, 8] . The resulting variational principle is given by
The corresponding time rate of change of the total energy is given byĖ = (Q + u/d)ṡ p , where the first term Qṡ p represents the energy dissipation rate due to the velocity and strain discontinuity. Consider the infinitesimal mass element dm = µṡ p dt located just outside the guide way. Without loss of generality, we assume thatṡ p > 0 (retrieval case). The motion of this mass element moving with the velocity (1 + ǫ + )ṡ p can be considered as a plastic impact into the the portion of the string on the guide way moving with velocityṡ p . The corresponding energy dissipation rate is given by
(See [13, 8] ). Dividing both side byṡ p , we obtain the expression for the Carnot energy loss term Q.
Euler-Lagrange Equations
Substituting (19), (21) into (20), we obtain Euler-Lagrange equations for the string pendulum:
where
is the tension of the string. These are coupled ordinary and partial differential equations. The motion of the reel mechanism and the deployed portion of the string are described by (22) and (23), respectively. The translational and rotational dynamics of the rigid body are determined by (24), (25). All of these equations are coupled.
In (22) , the fifth term, µǫ +ṡ2 p , represents the effect of the velocity discontinuity. Note that this term vanishes if the deployed portion of the string is also inextensible, i.e. r ′ (s) = 1 or ǫ + = 0. A similar expression is developed in [10] from momentum balance, but their expression is erroneous.
Special Cases Suppose that the length of the string on the reel mechanism is fixed, i.e. s p (t) ≡ s p (t 0 ) for any t > t 0 . Then, the equations of motion (23)-(25) describe the dynamics of an elastic string pendulum model with a fixed unstretched length, which is studied in [11] . In this case, the total energy and the total angular momentum about the gravity direction e 3 are conserved:
If we choose ρ c = 0, then the rotational dynamics of the rigid body (25) is decoupled from the other equations. In this case, (22)- (24) describe the dynamics of an elastic string attached to a point mass and a reel mechanism.
Lie Group Variational Integrator
Geometric numerical integration deals with numerical integration methods that preserve geometric properties of a dynamic system, such as invariants, symmetries, reversibility, or structure of the configuration manifold [14, 19] . The geometric structure of a dynamic system determines its qualitative dynamical behavior, and therefore, the geometric structure-preserving properties of a geometric numerical integrator play an important role in the qualitatively accurate computation of long-term dynamics. The continuous-time Euler-Lagrange equations developed in the previous section provide an analytical model for a string pendulum. However, the popular finite difference approximations or finite element approximations of those equations using a general purpose numerical integrator may not accurately preserve the geometric properties of the system [14] .
Variational integrators provide a systematic method of developing geometric numerical integrators for Lagrangian/Hamiltonian systems [20] . Discrete-time EulerLagrange equations, referred to as variational integrators, are constructed by discretizing Hamilton's principle, rather than discretizing the continuous-time EulerLagrange equations using finite difference approximations. This is in contrast to the conventional viewpoint that a numerical integrator of a dynamic system is a discrete approximation of its continuous-time equations of motion. As it is derived from a discrete analogue of Hamilton's principle, it preserves symplecticity and the momentum map, and it exhibits good total energy behavior for an extremely long time period.
On the other hand, Lie group methods conserve the structure of a Lie group configuration manifold as it updates a group element using the group operation [21] . As opposed to computational methods based on local coordinates, projections, or constraints, this approach preserves the group structure naturally without any 8 singularities associated with local coordinates or the additional computational overhead introduced by constraints.
These two methods have been unified to obtain a Lie group variational integrator for Lagrangian/Hamiltonian systems evolving on a Lie group [17] . This geometric integrator preserves symplecticity and group structure of those systems concurrently. It has been shown that this property is critical for accurate and efficient simulations of rigid body dynamics [15] . This is particularly useful for dynamic simulation of a string pendulum that undergoes large displacements, deformation, and rotations over an exponentially long time period.
In this section, we develop a Lie group variational integrator for a string pendulum. We first construct a discretized string pendulum model, and derive an expression for a discrete Lagrangian, which is substituted into discrete-time Euler-Lagrange equations on a Lie group.
Discretized String Pendulum Model
Let h > 0 be a fixed time step. The value of variables at t = t 0 + kh is denoted by a subscript k. We discretize the deployed portion of the string using N identical line elements. Since the unstretched length of the deployed portion of the string is L−s p k , the unstretched length of each element is l k = L−sp k N . Let the subscript a denote the variables related to the a-th element. The natural coordinate of the a-th element is defined by
This varies between 0 and 1 for the a-th element. Let S 0 , S 1 be shape functions given by S 0 (ζ) = 1 − ζ, and S 1 (ζ) = ζ. These shape functions are also referred to as tent functions. Define q k,a to be the relative location of a string element with respect to the guide way entrance, i.e q k,a = r k,a − r p . Using this finite element model, the position vector r(s, t) of a material point in the a-th element is approximated as follows:
Therefore, a configuration of the presented discretized string pendulum at t = kh + t 0 is described by g k = (s p k ; q k,1 , . . . , q k,N +1 ; R k ), and the corresponding con-
. This is a Lie group where the group acts on itself by the diagonal action [12] : the group action on s p k and q 1,k · · · q N +1,k is addition, and the group action on R k is matrix multiplication.
We define a discrete-time kinematics equation using the group action as follows. Define
Therefore, f k ∈ G represents the relative update between two integration steps. This ensures that the structure of the Lie group configuration manifold is numerically preserved since g k is updated by f k using the right Lie group action of G on itself.
Discrete Lagrangian
approximation of the Jacobi solution of the HamiltonJacobi equation, which is given by the integral of the Lagrangian along the exact solution of the Euler-Lagrange equations over a single time step:
whereg(t) : [0, h] → G satisfies Euler-Lagrange equations with boundary conditionsg
The resulting discrete-time Lagrangian system, referred to as a variational integrator, approximates the EulerLagrange equations to the same order of accuracy as the discrete Lagrangian approximates the Jacobi solution [17, 20] . We construct a discrete Lagrangian for the string pendulum using the trapezoidal rule. We first find the contributions of each component to the kinetic energy. From the given discretized string pendulum model and (2), the kinetic energy of the reel mechanism is approximated by
Using the chain rule, the partial derivative of r k (s) given by (27) with respect to t is given bẏ
Substituting this into (3), the contribution of the a-th string element to the kinetic energy of the string is given by
where inertia matrices are defined in Appendix A.1. From the attitude kinetics equations (1), the angular velocity is approximated bŷ
Define a non-standard inertia matrix
Using the trace operation and the non-standard inertia matrix, the last term of the kinetic energy of the rigid body given by (2) can be written in terms ofΩ as
. Then, the kinetic energy of the rigid body is given by
where we use properties of the trace operator:
for any matrices A, B ∈ R 3×3 . From (29), (30), (31), the total kinetic energy of the discretized string pendulum is given by
Similarly, the total potential energy for the given discretized string pendulum can be written as
This yields the discrete-Lagrangian of the discretized string pendulum
(34)
Lie Group Variational Integrator
For a given discrete Lagrangian, the discrete action sum is given by
As the discrete Lagrangian approximates the action integral over a single discrete time step, the action sum approximates the action integral. According to the discrete Lagrange-d'Alembert principle, the sum of the variation of the action sum and the discrete virtual work done by external control moments and constraints is equal to zero. This yields discrete-time forced Euler-Lagrange equations referred to as variational integrators [20] . This procedure is followed for an arbitrary discrete Lagrangian defined on a Lie group configuration manifold in [17] to obtain a Lie group variational integrator:
where T * L : G × T * G → T * G is the co-tangent lift of the left translation action, D f represents the derivative with respect to f , and Ad * : G × g * → g * is the coAdjoint operator [12] .
The contribution of the external control moment and the Carnot energy loss term are denoted by u d k and Q d k . They are defined to approximate the additional term in the variational principle (20) that arises due to a discontinuity:
From (21), these are chosen as
We substitute the expressions for the discrete Lagrangian (34), the Carnot energy loss term (37), and the control moment (38) into (35) and (36) to obtain a Lie group variational integrator for the discretized string pendulum model. This involves deriving the derivatives of the discrete Lagrangian and their co-tangent lift. The detailed procedure and the resulting expressions for Lie group variational integrators are summarized in the Appendix.
Computational Properties The proposed Lie group variational integrators have desirable computational properties. The Lie group configuration manifold is often parameterized. But, the local parameterizations of the special orthogonal group, such as Euler angles or Rodrigues parameters, have singularities. In a numerical simulation of large angle maneuvers of a string pendulum, these local parameters should be successively switched from one type to another in order to avoid their singularities. They also lead to excessive complexity. Non-parametric representations such as quaternions also have associated difficulties: there is an ambiguity in representing an attitude since the group SU(2) of quaternions double cover SO(3). Furthermore, as the unit length of quaternions is not preserved in numerical simulations, attitudes cannot be determined accurately. Sometimes, numerical solutions updated by any one-step integration method are projected onto the Lie group at each time step [22] . Such projections may destroy the desirable long-time behavior of one-step methods, since the projection typically corrupts the numerical results. Lie group variational integrators update the group elements by using a group operation. Therefore, the Lie group structure is naturally preserved at the level of machine precision, and they avoid any singularity and complexity associated with other approaches.
Since Lie group variational integrators are constructed according to Hamilton's principle, their numerical trajectories preserve a symplectic form and a momentum map associated with any symmetry. These ensure longterm structural stability and avoid artificial numerical dissipation. These properties are difficult to achieve in conventional approaches based on finite difference approximation of continuous equations of motion.
In summary, the proposed Lie group variational integrators for a string pendulum will be particularly useful when studying nontrivial maneuvers that combine large elastic deformations and large rigid motions accurately over a long time period.
Numerical Examples
We now numerically demonstrate the computational properties of the Lie group variational integrators developed in the previous section. The properties of the reel mechanism are as follows:
The material properties of the string are chosen to represent a rubber string [5] We consider three cases: (1) dynamics of a fixed length string pendulum released from a horizontal configuration, (2) deployment dynamics due to gravity from a horizontal configuration, and (3) retrieval dynamics using a constant control moment. Initial conditions are as follows: For all cases, we chooseṡ p = 0 m/s,q 0,a = 0 m/s for a ∈ {1, N },q 0,N +1 = 0.5e 2 m/s, R 0 = I, Ω 0 = 0 rad/sec. The deployed portion of the string is discretized by N = 20 elements, and the time step is h = 0.0005 second. Simulation time is T = 10, T = 8, and T = 10 seconds for each case, respectively.
Energy transfer
The following figures show the simulation results. The maneuver of the string pendulum is illustrated by snapshots, where the relative elastic potential distribution at each instant is denoted by color shading (the corresponding animations are available at http://my.fit.edu /˜taeyoung). As the point where the string is attached to the rigid body is displaced from the center of mass of the rigid body, the rigid body dynamics are directly coupled to the elastic string dynamics. The illustrated maneuvers clearly show the nontrivial coupling between the strain deformation, the rigid body dynamics, and the reel mechanism.
The energy exchange plots also show that there is significant energy transfer between the kinetic energy, the gravitational potential energy, and the elastic potential energy. In Figure 2(b) , there is an energy exchange between the kinetic energy and the gravitational potential energy. But, when the string is mostly stretched at t = 1.8 and t = 5.5 seconds, part of the kinetic energy is transferred to the elastic potential energy and the rotational kinetic energy. The rigid body starts to tumble at t = 7 seconds. The elastic potential energy transfer along the string is observed in Figure 2(a) . For the deployment case shown in Figure 3(b) , the gravitational potential energy is generally transferred to the kinetic energy. As the length of the deployed portion of the string increases, the elastic potential energy increases and the rotational kinetic energy decreases. For the third retrieval case, both the gravitational potential energy and the total energy increase due to the constant control moment. In addition, there is a smaller-scale periodic energy exchange between the elastic potential and the gravitational potential energy with an approximate period of 1.2 seconds. The rigid body starts tumbling at t = 3 seconds.
Conservation Properties
The proposed Lie group variational integrators exhibit excellent conservation properties for these complicated maneuvers of the string pendulum. For the fixed length string dynamics, the total energy and the total angular momentum about the gravity direction should be preserved. The deviations of those quantities are shown in Figure 2(d) , where the maximum deviation of the total energy is less than 0.01% of the maximum kinetic energy, and the deviation of the angular momentum is less than 3 × 10 −8 % of its initial value. For the second deployment case, the total energy dissipates only due to the velocity discontinuity. Figure 3(d) shows the difference between the computed total energy change and the energy dissipation computed by the Carnot energy loss term (21) . The difference is less than 0.0003% of the maximum kinetic energy, which illustrates that there is no artificial numerical dissipation caused by the proposed Lie group variational integrator. The orthogonal structure of rotation matrices is preserved to machine precision. Figure 3(d) and 4(d) show that the orthogonality error, measured by I − R T R , is less than 10 −13 .
Conclusions
We have developed continuous-time equations of motion and geometric numerical integrators, referred to as Lie group variational integrators, for a 3D elastic string pendulum attached to a rigid body and a reel mechanism. They are carefully derived while taking account of the length change of the deployed portion of the string, the Lie group configuration manifold of the rigid body, and the velocity discontinuity at the guide way entrance. The continuous-time equations of motion provide an analytical model that is defined globally on the Lie group configuration manifold. The Lie group variational integrator preserves the geometric features of the system, thereby yielding a reliable numerical method to compute the nonlinear coupling between the large string deformation and the nontrivial rigid body dynamics accurately over a long time period. In short, this paper provides high fidelity analytical and computational models for a string pendulum.
The numerical experiments suggest that accurately modeling the reeling mechanism is of critical importance in order to capture the correct dynamics, due to the disturbance that is introduced in the string at the point of contact with the reeling mechanism when the string is deployed or retracted. One can observe that this disturbance propagates down the string at a velocity that is determined by the elastic properties of the string. Since the point of contact between the string and the rigid body does not go through the center of mass of the rigid body, the elastic disturbance excites a rotational response in the rigid body. As such, accurately modeling the reel mechanism, elastic string dynamics, rigid body motion, and their interactions, is critical for obtaining realistic predictions about how towed underwater vehicles and tethered spacecraft behave when performing aggressive maneuvers.
The proposed string pendulum model and computational approach can be extended in several ways. For example, different types of string models can be considered, such as an inextensible string, nonlinear elasticity, and bending stiffness. The reel mechanism can be generalized by assuming that the portion of the string on the drum is also extensible. These results can be extended to model tethered spacecraft in orbit, and they can be used to study associated optimal control problems by adopting the discrete mechanics and optimal control approach [23] . 
A.1 Inertia Matrices for the Discrete Lagrangian
The inertia matrices for the discrete Lagrangian are defined as follows.
A.2 Derivatives of the discrete Lagrangian
The Lie group variational integrator given by (35) is expressed in terms of the derivatives of the discrete Lagrangian and their cotangent lift. Here, we describe how to compute the co-tangent lift and the co-Adjoint operator on the configuration manifold G = R × (R 3 ) N+1 × SO(3) without introducing the formal definition of those operators. The co-tangent lift of the left translation on a real space is the identity map on that real space. Using the product structure of the configuration manifold G = R × (R 3 ) N+1 × SO(3), the derivative of the discrete Lagrangian with respect to f k = (∆sp k ; ∆q k,1 , . . . , ∆q k,N+1 ; F k ) ∈ G is given by
Deriving the derivatives of the discrete Lagrangian with respect to ∆sp k or ∆q k,a is straightforward. For example, from (30), (32), (34), the derivative of the discrete Lagrangian with respect to ∆q k,a for any a ∈ {2, . . . , N } is given by
where the derivative of the potential energy is given by
Expressions for the other derivatives of the discrete Lagrangian with respect to sp k , ∆sp k , q k,a are similarly developed and they are summarized later. Now we find the derivative of the discrete Lagrangian with respect to F k . From (31), (33), (34), we have The co-Adjoint map on a real space is the identity map on that real space. The co-Adjoint map on SO(3) is given by Ad * F −1 k p = F k p = (F kp F T k ) ∨ for any p ∈ (R 3 ) * ≃ so(3) * . Using the product structure of the configuration manifold, we have
Discrete-time Euler-Lagrange Equations Substituting the derivatives of the discrete Lagrangian given in (40), (43) and the appendix, the co-Adjoint map given by (44), and the contributions of the external control moment and the Carnot energy loss term (37), (38) into the Lie group variational integrator on an arbitrary Lie group given by (35), (36), we obtain the discrete-time Euler-Lagrange equations of the string pendulum at (46)-(51). Equation (48) is satisfied for a ∈ {2, . . . , N }, and (51) is satisfied for a ∈ {1, . . . , N }. For given g k = (sp k ; q k,1 , . . . q k,N+1 ; R k ), we solve (46)-(50) for the relative update f k = (∆sp k ; ∆q k,1 , . . ., ∆q k,N+1 ; F k ). Then, the configuration at the next step g k+1 = (sp k+1 ; q k+1,1 , . . . , q k+1,N+1 ; R k+1 ) can be obtained by (51). This yields a discrete-time Lagrangian flow map (g k , f k ) → (g k+1 , f k+1 ), and this is repeated.
Special Cases If we set ∆sp k ≡ 0 for any k, then the discretetime Euler-Lagrange equations and Hamilton's equations provide a geometric numerical integrator for a string pendulum model with a fixed unstretched string length, studied in [11] . If we chose ρc = 0, then these equations describe the dynamics of an elastic string attached to a point mass and a fixed pivot.
Computational Approach These Lie group variational integrators for a string pendulum are implicit: at each time step, we need to solve nonlinear implicit equations to find the relative update f k ∈ G. Therefore, it is important to develop an efficient computational approach for these implicit equations. This computational method should preserve the group structure of f k , in particular, the orthogonal structure of the rotation matrix F k ∈ SO(3). The key idea of the computational approach proposed in this paper is to express the rotation matrix F k in terms of a vector c k ∈ R 3 using the Cayley transformation [14] :
Since the rotation matrix F k represents the relative attitude update between two adjacent integration steps, it converges to the identity matrix as the integration step h approaches zero. Therefore, this expression is valid for numerical simulations even though the Cayley transformation is a local diffeomorphism between R 3 and SO(3). Our computational approach is as follows. The implicit equations for F k given by (50) are rewritten in terms of a vector c k using (52), and a relative update expressed by a vector X k = [∆sp k ; ∆q k,1 , . . . ∆q k,N+1 ; c k ] ∈ R × (R 3 ) N+1 × R 3 is solved by using a Newton iteration. After the vector X k converges, the rotation matrix F k is obtained by (52).
This computational approach is desirable, since the implicit equations are solved numerically using operations in a linear vector space. The three-dimensional rotation matrix F k is computed by numerical iterations on R 3 , and its orthogonal structure is automatically preserved by (52). It has been shown that this computational approach is so numerically efficient that the corresponding computational load is comparable to explicit integrators [15] .
